In this paper, we introduce K-functional and modulus of smoothness of the unit sphere in the Ba space, establish their relations and obtain the direct and converse theorem of approximation in the Ba space for Jackson-Matsuoka polynomials on the unit sphere of R d MSC: 41A25; 41A35; 41A63
Introduction
where ∈ S, and d is the measure element on S, and
is the surface area of S. The conception of Ba space was first put forward by Ding and Luo (see [] ) in their discussion of the prior estimate of Laplace operator in some classical domains and in their study of the embedding theorem of Orlicz-Sobolev spaces, higher dimensional singular integrals, and harmonic function etc. http://www.journalofinequalitiesandapplications.com/content/2014/1/419
The norm in Ba is defined by Hereafter the space of spherical harmonics of degree k is denoted by H d k . The LaplaceBeltrami operator on the unit sphere is denoted by 
The spherical means are denoted by 
where j, i, s ∈ N, n;j,i,s is chosen such that
is an even nonnegative operator. In particular, it is an even and nonnegative trigonometric polynomial of degree at most s(nj + j -i) for j ≥ i and the Jackson polynomial for j = i. Using M n;j,i,s (θ ) we consider spherical convolution:
It is called the Jackson-Matsuoka polynomial on the unit sphere based on the JacksonMatsuoka kernel. In particular, (f  * M n;j,i,s )( ) =  for f  ( ) = . The classical JacksonMatsuoka polynomial in classical L p space has been studied by many authors (see [, ] ). In this paper, we consider the approximation of the Jackson-Matsuoka polynomial on the unit sphere in the Ba space. Firstly, we introduce K -functionals, modulus of smooth-http://www.journalofinequalitiesandapplications.com/content/2014/1/419 ness on the unit sphere in the Ba space, establish their relations. Then with the help of the relation between K -functionals and modulus of smoothness on the sphere in the Ba space and the properties of the spherical means, we obtain the direct and converse best approximation in the Ba space by Jackson-Matsuoka polynomial on the unit sphere of R d .
K-Functionals and modulus of smoothness
Definition . For f ∈ Ba, the modulus of smoothness on the unit sphere is given by
The K -functional of the unit sphere is given by
where W Ba (S) := {f : f ∈ Ba, Df ∈ Ba},  < t < t  , t  is a positive constant, Df denotes the Laplace-Beltrami operator on the unit sphere.
To prove the weak equivalence between the K -functional and the modulus of smoothness on the unit sphere, we need the following lemma.
By the definition of supremum, for any δ > , there exists
By the arbitrariness of δ,
and also ε is arbitrary, therefore
which implies that for any p m , we have
The proof is completed.
We will establish the weak equivalence between the K -functional and the modulus of smoothness on the unit sphere in the Ba space.
holds, where the weakly equivalent relation A(n) B(n) means that A(n) B(n) and B(n) A(n), and relation A n B n means that there is a positive constant C independent on n such that A(n) ≤ CB(n) holds.
Throughout this paper, C denotes a positive constant independent on n and f and C(a) denotes a positive constant dependent on a, which may be different according to the circumstances.
By the definition of the Ba-norm · Ba and (.), we have
≤ . Therefore, we have
The proof is similar to that of (.), we get
The triangle inequality gives
On the other hand, we define
this also gives
Consequently, we get
By (.) and (.), similar to the proof of (.), we obtain
Combining (.), (.), and the definition of K -functional, we have Ba . http://www.journalofinequalitiesandapplications.com/content/2014/1/419
Corollary . For t ≥ , there is a constant C such that
Proof By the weakly equivalent relation between the modulus of smoothness and K -functional, and the definition of K(f ; t  ) Ba , we have
Corollary . has been proved. 
Some lemmas

Lemma . For is > r + λ + , j ≥ i, r ∈ R, there is a constant C(λ, j, i, s) such that
, and sin θ ≤ θ for  ≤ θ ≤ π , by n;j,i,s n is-λ- , we have
where
where 
Proof For m ∈ N, by (.), we have
Using Lemma ., and the expression of B t (Dg, ) -Dg, we obtain
By Lemma ., and the Hölder-Minkowski inequality we get
Consequently, by (.), (.), and (.), we get
By Lemma ., we have
The proof is completed. 
